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Abstract. The haup method for determining the linear optical properties of crystals 
is critically reconsidered. The expressions that describe the method are re-derived 
rigorously and the fitting procedures that have been used by several authors 
are reviewed. The systematic errors, being crucial in haup measurements, are 
investigated by means of experiments on test samples. The understanding of both 
the origin and the behaviour of these errors leads to an improvement of the fitting 
procedures and of the interpretation of the data. In this way, the reliability and the 
sensitivity of the haup method have been increased, which should provide a means 
by which to reconsider contradictory results of previous experiments, excluding 
systematic errors as a source of the dispute.
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Defining Description
relation
thickness of the crystal platelet 
wavelength of the light 
Jones vector describing the polarizer 
Jones vector describing the analyser 
Jones matrix describing the sample 
intensity of light incident on the polarizer 
intensity of light emerging from the analyser 
angle defining the polarizer’s position 
correction to the polarizer’s position reading 
angle defining the analyser’s position 
=  A — 0  alternative reading system for the analyser
correction to the analyser’s position reading
systematic error, describing a small deviation of the analyser from its supposed position
position of polarizer defining an extinction direction
rotation of the optical indicatrix
ellipticity of light polarized by the polarizer
ellipticity p  considered as an apparatus constant
ellipticity of light polarized by the analyser
refractive index belonging to one (linear) eigenpolarization 
refractive index belonging to the other (linear) eigenpolarization
n i — n% linear birefringence
average of all main refractive indices
-  fci
absorption coefficient for the first (linear) eigenpolarization 
absorption coefficient for the second (linear) eigenpolarization 
linear dichroism
refractive index belonging to a right circular eigenpolarization
»
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m refractive index belonging to a left circular eigenpolarization
nt — rt\ circular birefringence
g the gyration tensor
s unit wavevector of the light with components taken with respect to the
crystallographic axes
G =  h(nr -  rtj)
^  Susisj the gyration in a certain direction s
k =  o)/(2gQ) a measure for the ellipticity of the eigenpolarizations
g0 =  (rt/k)An  representation for linear birefringence in the Jones calculus
Pa =  (n/k)Aic  representation for linear dichroism in the Jones calculus
co =  (jc/k)(nt -  n\) representation for circular birefringence in the Jones calculus
A =  2z{gl +  co2) [/1 total retardation
C(?*5) matrix defining the HAUP intensity formula, derived with respect to an eigenpolarization as
origin for the polarizer reading and up to fourth-order terms in the parameters ©, F, SF, p, a and co 
C®°x4) matrix defining the HAUP intensity formula, derived with respect to an extinction direction as
origin for the polarizer reading and up to third-order terms in the parameters 0 , Y , <5F, p> a and co 
C(nx/l) matrix containing the fitting parameters for a fit up to (n — l)th-order terms in the angles 0  and Y
1. Introduction
The merits of the high-accuracy universal polarimeter 
(HAUP), introduced by Kobayashi and Uesu (1983), 
lie in the possibility of measuring very accurately and 
simultaneously the optical activity and birefringence of 
crystals. In addition, the rotation of the optical indicatrix 
is detected with a high sensitivity. The measurements 
require optically transparent, birefringent platelets of 
single crystals, with flat (polished) plane-parallel faces. 
It is very important to perform the measurements as a 
function of some external parameter in order to separate 
systematic errors from the optical properties, In the 
experiments described in this paper, the wavelength k of 
the light is the external parameter* Additional parameters 
can be temperature, electric fields (electro-optics) or 
magnetic fields (magneto-optics).
The presence and nature of structural phase 
transitions can often be revealed by the birefringence 
(Ivanov 1991, Gehring 1977). The point symmetry of a 
specific phase can be studied by measuring the optical 
activity in several directions in a crystal, since optical 
activity is a tensorial property, which is sensitive to 
the symmetry (Nye 1985). The HAUP is, therefore, a 
powerful instrument in crystal optics.
A very interesting problem in this field is 
encountered for incommensurately modulated crystals, 
with a centrosymmetric paraelectric phase (Cummins
1990). The incommensurate phase is often a (small) 
periodic deformation of the centrosymmetric paraelectric 
phase. The wavelengths of the periodic deformation is 
incommensurate with the lattice of the average structure. 
Therefore, the lattice translational symmetry is broken 
in at least one direction. Of course, the question arises 
of whether this phase can be optically active, because 
optical activity is forbidden in a centrosymmetric crystal 
(Nye 1985). However, optical activity can be allowed 
if, in such a phase, the spatial inversion symmetry
is broken by the modulation. Nevertheless, such an 
effect might be quite small. The HAUP method has 
been applied extensively to several incommensurately 
modulated structures. Unfortunately, the results obtained 
so far by different groups contradict each other, in the 
sense that in some cases a small, but clearly non-zero, 
optical activity has been found (Meekes and Janner 1988, 
Kobayashi et al 1988a, Dijkstra eta l  1992a), while, for 
the same structures, measurements by others indicate no 
detectable optical activity (Folcia et al 1993, Ortega et 
al 1994).
In order to exclude the possibility that these 
differences are caused by the way of measuring or 
the way of interpreting the measurements, we feel 
. it necessary to reconsider very precisely the working 
principles of the HAUP method. In this paper, 
we re-derive rigorously the HAUP intensity formula 
(section 2 ). Experiments have been performed both on 
a centrosymmetric crystal with zero optical activity and 
on the non-centrosymmetric room-temperature phase of 
quartz, which has a large optical activity (section 3). 
In section 4 the obtained results are used to re­
consider critically the fitting procedures with which the 
optical properties are extracted from the measurements. 
Moreover, in section 5, the behaviour and origin of the 
systematic errors will be studied thoroughly. The quality 
and sensitivity of HAUP measurements is addressed in 
section 6 . For all aspects of the HAUP method, we 
discuss and take into account the experience gained by 
other authors that have been working with HAUP, for 
example, the papers of Moxon and Renshaw (1990) and 
Dijkstra et al (1991). Only the case of non-absorbing 
crystals is treated. Absorption will be dealt with in 
a forthcoming paper. Although we will not be able 
to explain the contradictory results of the experiments 
performed by different researchers up to now, we present 
an interpretation of HAUP data that should provide a4
means by which to reconsider these data, excluding 
systematic errors as a cause of the dispute.
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2. The working principle of haup and the
derivation of the (general) HAUP intensity
formula
are the refractive indices for right and left circularly 
polarized light, respectively. If one defines co s  
(7r/X)(nr — n\), laevorotatory crystals have a positive 
c0 and dextrorotatory crystals have a negative co. This
The measurement of optical activity in the presence of definition is consistent with the one used by Glazer 
birefringence is accomplished in HAUP by virtue of the and Stadnicka (1986). It should be noted that optical 
fact that one can derive an expression for the change activity is not the only effect that can give rise to circular
in intensity of light traversing the optical system of the 
polarimeter. The system consists only of a polarizer 
(Jones vector P), the sample (Jones matrix S) and an 
analyser (Jones vector A), which is a second polarizer. 
The intensity change T f  F0 of the light traversing this 
system is then given by (Dijkstra et al 1991)
r / r 0 =  |AfSP|2 =  (AtSP)(AtSP) (1)
where To is the intensity of the monochromatic, 
circularly polarized or unpolarized light beam incident 
on the polarizer and T  is the intensity of the light 
emerging from the analyser. This expression is called the 
HAUP intensity formula. It can be derived by using the 
Jones calculus (Jones 1948). We use the exact notation 
as given by Jones (1948), because the work of this author 
is well known among researchers working in optics. 
Besides the Jones notation we use the same symbols 
as Dijkstra et al (1991).
One of the basic principles of HAUP is that the 
rotation angles of the polarizers, 0  and A, are restricted 
to very small values, maximally being about 10” 2 rad. 
However, it must still be possible to set the polarizers 
with high accuracy at different positions within these 
ranges. This, then, allows for an expansion of P and 
A for small 0  and A, and small ellipticities p  and a 
of the polarizer and analyser, respectively. Our aim 
is, however, to calculate the HAUP intensity formula. 
Therefore, we first write
A 'S P  =  ƒ > , ,  +  P2A \sn  +  PXA\S21 +  P2A*s22 (2)
and expand the terms P/A* (the sy are the matrix
elements of S). In the literature it is usually assumed 
that it is sufficient to expand up to second or third order, 
but in the appendix the result of an expansion up to 
fourth order is given. In this way we can estimate, for 
the rotation angles used, the contribution of the normally 
neglected higher order terms to the intensity P.
Once the sample matrix S has been specified, one can 
calculate the HAUP intensity formula from equation (2). 
The advantage of this procedure is that, for a different 
sample matrix (for example for absorbing crystals, not 
treated here), one can again start directly from the results 
in the appendix.
In the notation of Jones (1948), the linear 
birefringence (m — n2) s  An is represented by gQ =  
(tf/A) An. Here, n% is the refractive index corresponding 
to the eigenpolarization that has its major axis along 
the polarization of the light emerging from the polarizer 
when 0  =  0. This means that An and, therefore, g0i 
are positive when this is the fast (smaller index) axis.
Optical activity is included in the description via
birefringence (see, for example, Dijkstra (1991) and 
Dijkstra et al (1992b)).
For a totally transparent, birefringent and optically 
active crystal, the sample matrix S becomes (Jones 1948)
S (  cosh(0 Nz) +  (igo/Qu) sinh(gNz)
V (û>/Ôn) sinh(ÛN^)
~ W Ô N )sin h (gNz)
cosh(fiNz) -  (igo/Qx) sinh(j2 Nz)) 
where z is the thickness of the crystal platelet and
(3)
(go +  a)2)*
The circular birefringence is, apart from the case of 
light propagating close to an optical axis of the crystal, 
generally much smaller than the linear birefringence 
(co/g0 is of the order of IQ-3  or smaller). The matrix 
elements can, therefore, be expanded for small co. 
An expansion up to third order in co is sufficient for the 
derivation of the HAUP intensity formula up to fourth- 
order terms in co, p , a> 0  and A. The corresponding 
Taylor expansions are
J11
1
1 + ( ¡ - j
i
s‘n(goz)
[cos(goZ) +  i sin(g0z)]
sn ¿21
1 (CO
80Z) ( —  ) cos(g0z)
CO 1
80 2
sin(^0z)
S22
1 f  co \ 2 
1 _ 2i<foZ)( i ;) [cos(g0z) -  isin(g0z)]
the circular birefringence nr — nj, in which nr and n\ pansions given above.
Within the approximations made, the circular birefrin­
gence never appears in the arguments of the sine and 
cosine functions. It is for this reason that the HAUP 
method allows true separation of linear and circular bire­
fringence. In previous descriptions (Kobayashi and Uesu 
1983, Dijkstra et al 1991), half of the total retardation, 
A / 2  =  z(gl  +  co2)^2, was put in the arguments instead 
of g0z . This, however, is incorrect considering the ex-
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The HAUP intensity formula can now be calculated, 
but usually one first changes to another reading system 
for the analyser (Kobayashi and Uesu 1983). Instead of 
A, one uses Y , which is read with respect to the polarizer 
position © in such a way that, for 7 =  0 , the polarizers 
are crossed. This can thus be achieved by substituting 
© 4 - K for A.
Furthermore, Kobayashi et al (1986) have shown 
that it is essentia] to include another systematic error, 
denoted SYt in the description of the HAUP method. 
It describes a (small) deviation of the analyser position 
from its supposed position. The origin of this systematic 
error is one of the subjects of this paper and is dealt with 
in detail further on. One takes this so-called 8Y error 
into account by substituting Y +  SY for Y.
The HAUP intensity formula has been derived in this 
way, by expanding up to fourth order in p t a , ©, Y and 
SY  and can be written in the following manner (Moxon 
and Renshaw 1990):
r / r 0 =  (i Y Y2 Y3 Y4)Cïg(5x5) (4)
The matrix elements of C^x5) will only be used for 
an estimation of the contribution of the higher order 
terms. For that purpose they have been determined 
explicitly by Kremers (1995). The superscript ep 
denotes eigenpolarization, referring to the fact that 
this expression has been derived with one of the 
eigenpolarizations of the sample as the origin for the 
reading of 0 . However, in an actual experiment it 
is impossible to find that position with any accuracy. 
Fortunately, as was already realized by Kobayashi et 
al (1986), another origin for © can be chosen, using 
the following procedure. Both polarizers are rotated 
simultaneously (or the sample is rotated instead), while 
keeping them exactly crossed (Y =  0). In this way, 
one searches for a so-called extinction direction, which 
is a position of minimal intensity for crossed polarizers. 
The corresponding polarizer position is denoted 0 O. It 
is this position that is subsequently used as origin for the 
reading of 0 . When the polarizers are rotated over 2n> 
four extinction directions are encountered. It follows 
that, in a HAUP intensity formula, 0 O is the value of 0  
for which
ST
=  0. (5)
r=o8®
Therefore, in order to interpret the measurements, one 
must substitute 0  +  0 O for 0 , using the correct 
expression for ©o that is obtained by equation (5). 
Unfortunately, it is impossible to solve equation (5 ) 
analytically, using the HAUP intensity formula (4) that 
has been expanded up to fourth order in 0  and 
Y. However, after omitting all fourth-order terms in 
equation (4), we find
© 0  =  H P  +  a )  C O t(g 0z )  -  U Y  +  <5©¡ndicatrix• (6 )
Table 1. The reproducibility/accuracy of polarizer 
positions used by different authors.
Authors Accuracy
Kobayashi and Uesu (1983) 
Moxon et al (1991)
Dijkstra et al (1991)
Ortega et al 91992)
4.8 x 10~7 
3.5 x 10-®
4.8 x IO"6
8.1 x 10“6
The ¿©indicatnx term has been added in order to take a 
possible rotation of the optical indicatrix into account.
According to several authors (Moxon and Renshaw 
1990, Kushnir and Vlokh 1993), even totally transparent 
crystals can show a small linear dichroism K\ -  tc2 s  
Ak. For example, the polishing of the samples might 
cause a small anisotropic surface scattering due to a 
preferential abrasion direction in the crystal structure. 
In the Jones formalism, linear dichroism is represented 
by pQ =  (7t/k)Ak . If we include small linear dichroism 
in the way described by Dijkstra et al (1991), then the 
following HAUP intensity formula is found:
3\r*© or / r 0 =  (i y  y 1 y*)C (4x4) (7)
where
00Ujj SY cos(g0z) p -  a +  ~  ) sin(g0z)
2p0z(p  + a) a +
8o
U 12
+  2p0zSY(p  +  a) cot(g0z) 
= 0
C0013 4sin2(£0z)
C®° =  2(5 F cos2(e0z)21 a +
co
go
sin(2 g0z)
C
C
©Ü 
n
00 
23
y-»©0
U31
>-«0o
32
©o
33
©o 
/ 4
Wy
c
C:
+ 2p0z(p  + a) cot(g0z) 
= 4sin2(g0z) +  4j?0z 
= 0
= 1 +  2p0z 
= 0 
= 0 
~  0 
= 0
i =  1 , 2 , 3 , 4  
j  =  1, 2 , 3, 4. (8)
The superscript © o  indicates, that an extinction direction 
has been used as the origin of the © reading. Putting 
p0 =  0  in equation (8 ) gives exactly the result for the 
case in which linear dichroism is not taken into account.
In a HAUP experiment, intensities are measured at 
a series of (0 , y) combinations. These intensities are 
fitted to a polynomial equation in the angles 0  and 
Y. The sample properties co, gQ and p0i as well as
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the systematic errors p f a and 8Y, are then contained 
in the fitting parameters. They can be extracted 
by a comparison of the fitting parameters with the 
matrix elements C 00 o f the HAUP intensity formula. 
Furthermore, the wavelength dependence of the fitting 
parameters must be studied. Namely, the systematic 
errors are supposed to be independent o f the wavelength 
of the light, contrary to the sample properties.
3. Experiments
3.1. Improvements to the HAUP set-up and the 
sample treatment
The basic set-up of the HAUP apparatus built in our 
laboratory has been described elsewhere (Dijkstra et al
1991). The accuracy of the optical system was not 
changed. Both polarizers are mounted on rotation stages 
that are driven by stepping motors. The smallest rotation, 
corresponding to one step, is 2 x 10~~3° ^  3.49 x 10~5 rad 
in our apparatus. The reproducibility is ±1" & ±4.8 x 
10” 6 rad. This is of the same order of magnitude as 
the reproducibility (or accuracy) given by other authors 
for their HAUPs (table 1), except for the one given by 
Kobyashi and Uesu (1983). The latter authors claim an 
extremely high accuracy. Unfortunately, however, they 
give no information about the way in which this can be 
accomplished.
Here, we report on changes and improvements, that 
have been made to this apparatus. It is possible, now, to 
perform measurements as a function of the wavelength 
X of the light, for X in the range 350-650 nm, A 
small monochromator with a resolution of 2 .22  nm 
is placed behind a 150 W xenon light source. In 
order to correct for intensity variations, a beam splitter 
is put between the monochromator and the polarizer. 
With a second photomultiplier tube, the intensity of the 
reference beam that is created in this way is measured 
and subsequently used to correct for intensity changes. 
The photomultiplier signals are fed to a two-channel 
photon counting system. Previously, a photon counter 
was used that displayed the intensities with only three 
digits and an exponent. Especially in cases in which 
the linear birefringence became small, this proved to 
be inadequate. The intensities are at present measured 
with eight digits by a new photon counter for both 
photomultiplier tubes.
Besides changing the wavelength of the light, the 
temperature of the sample can also be changed by 
using a ‘cold finger’ technique (Dijkstra et al 1991). 
Some improvements have been made to the temperature 
regulation system. Therefore, the temperature can now 
be stabilized within ±0*01 K if it can be kept at a 
constant value. If the temperature must be changed 
continuously during a HAUP measurement, the stability 
will become less, namely ±0.025 K.
Next to improvements to the apparatus, the polishing 
of the samples has also been improved. The technique 
of polishing has been adjusted such that the two polished
faces of the sample are more closely plane-parallel than 
before and the edges of the faces are less rounded. 
Except for these rounded edges, the change in sample 
thickness over the total sample surface is less than 
5 \im. This means that, within the spot of the light 
beam on the sample, we can estimate the change in 
thickness to be less than 3 ¿zm. The relevant quantity 
in HAUP measurements is the variation of g^z/it over 
the spot, which thus depends on the magnitude of the 
birefringence. A larger birefringence requires more 
careful polishing.
3.2. The measurement procedure
Before any measurement is started, the polarizers are 
put in crossed position. Then, the sample is prepared 
and it is placed in the HAUP between the polarizers. The 
incident light beam is directed through a diaphragm onto 
the sample. The orientation of the sample is adjusted 
until the reflected light from its surface passes through 
the same diaphragm, in order to get the front face 
perpendicular to the light beam.
The measurement procedure is started by a search 
for an extinction direction, thus determining ©o. Then, 
intensities are measured at 15 x  15 combinations of 
polarizer and analyser positions located around the 
extinction direction. These combinations can be 
represented as © =  (i + j)A<p and Y =  — jA<f> => 
A =s Y +  © =  z'A0, where i and j  take all 
integer values + 7 r 6 , . . . ,  —6 , —1. Instead of performing 
measurements situated around an extinction direction, 
other authors (Moxon and Renshaw 1990, Ortega et 
al 1992) perform their measurements around those 
positions for the polarizer and analyser at which the 
intensity is absolutely minimal. In general, this will 
not be the crossed polarizers position. The disadvantage 
is, therefore, that one has to set up a scheme for 
finding the absolute intensity minimum. It can be 
expected, however, that the fitting procedures, described 
in section 4, then give somewhat more accurate results 
for such a measurement. Nevertheless, it is shown later 
that the results obtained with our way of data-taking are 
already highly accurate.
In all measurements performed so far, A (j> was 40 
steps, that is about 1.39 x 10“ 3 rad. This implies that 
the polarizer rotates maximally 1.95 x 10“ 2 rad away 
from the extinction position and the analyser maximally 
9.77 x 10~3 rad. The 225 measured intensities of this 
(first) extinction direction and the value of ©o are stored 
in a computer that controls the HAUP. At this point, the 
first extinction direction has been measured.
Next, both polarizers are rotated over \ i t  and 
the just-described process is repeated, including the 
determination of ®o> This is the measurement of the 
second extinction direction. Also the third and fourth 
extinction direction are usually measured, although the 
measurement of one extinction direction is enough to 
determine the linear optical properties of the sample. 
Measuring four extinction directions, however, is a 
nice way of studying the behaviour of the systematic
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errors as a function of polarizer positions (section 5). 
Moreover, since the sample properties are independent of 
the specific extinction direction being measured, one can 
get an idea of the accuracy with which these properties 
have been found, by comparing their values for the four
extinction directions.
In the Jones description of the HAUP system, 
presented in the previous section, two succeeding 
eigenpolarizations differ only in the sign of their linear 
birefringence. Therefore, the same HAUP intensity 
formula can be used for all extinction directions. 
Labelling the extinction directions, one expects that
Pa
Cl\ =  &2 ~  =  a4
0 )  I  z = z  C O 2  ~  0 ) 3  ~  0 ) 4  (9)
— #01 =  +#02 =  ~&03 =  +#04 
^CO\/go\ =  +Ci)2/g02 == ~ &>3/£03 =  + ^ 4/^ 04*
This would be correct in the case of an ideal HAUP, but 
the experiments in this paper and the findings of other 
authors have shown that, in practice, the situation is more 
complicated than that suggested by equation (9).
After the measurement of all four extinction 
directions, another wavelength is set and again all 
extinction directions are measured. Repeating this for 
at least, say, 2 0  wavelengths, one obtains a set of 
measurements from which the sample properties and the 
systematic errors can be extracted, for each extinction 
direction.
3.3. The samples
We have selected two samples for the investiga­
tions. One, tetramethylammonium tetrachlorozincate 
((CH3)4N)2ZnCl4, having a high-temperature paraelec- 
tric phase in which optical activity is forbidden by sym­
metry and one, quartz, with a relatively large natural 
optical activity.
3.3.1. The paraelectric phase of ((CH^N^ZnCU. 
At temperatures above 297.6 K the structure of 
((CHa^N^ZnCLt is orthorhombic and centrosymmetric 
(Wiesner et al 1967). The space group is Pcmn. 
Totally transparent crystals of about 1 cm3 volume 
with large natural faces were grown by a thermal 
convection method (Arend et al 1986). They contained 
no observable inclusions. One of the crystals was 
oriented with an optical goniometer and a platelet with 
its face-normal along the a axis of the crystal was cut 
with a wire saw. Both sides of the platelet were polished 
on felt, with diamond paste down to 1 fim  size. The final 
thickness was 1.50 mm. As described before, the total 
thickness variation within the spot of the light beam is 
estimated to be less than 3 ¿¿m. In the case of this 
crystal this means that the variation in g0/TC was less 
than 5 x 10~4.
The HAUP measurement was performed in the 
paraelectric phase as a function of the wavelength of
the light at constant temperature T  =  320 K. There is a 
larger change of the linear birefringence with wavelength 
than with temperature in this phase. It even becomes 
zero for approximately X =  400 nm at the chosen 
temperature. This is an interesting wavelength, because 
the expansions made in deriving the HAUP intensity 
formula predict the circular birefringence to be small 
with respect to sin(g0z), which becomes zero if the linear 
birefringence is zero» Therefore, at such a wavelength, 
the expansions considered above are no longer valid.
The circular birefringence, (nr — n\), is related to the 
gyration G in the following way:
G =  h(nT -  n{) (10)
where h is the average of all main refractive indices. 
The gyration G that is being probed is
G =  gijSiSj (11)
where the gij are elements of the gyration tensor g (Nye 
1985) and the st are the components, with respect to the 
crystallographic axes, of the unit wavevector s of the 
light. In this experiments =  (1 ,0 ,0 ) and, therefore, the 
gyration tensor element gn  is measured. The detected 
birefringence is correspondingly denoted A n n .  As the 
crystal is centrosymmetric, all gyration tensor elements 
gij must be zero. From the measured noise around 
zero, we get an idea of how small values of circular 
birefringence can be distinguished from zero with the 
HAUP technique.
Owing to the fact that there is no circular 
birefringence, the fitting procedures are simplified. 
Therefore, this sample is ideal for the study of the 
systematic errors as a function of polarizer position. 
Consequently, all four extinction directions have been 
measured.
3.3.2. Optically active quartz. Quartz is known to 
have a large natural optical activity and a wavelength 
dispersion of the linear birefringence. The sample that 
we have used was obtained by etching the gold layers 
of a commercially available transducer. The flat and 
plane-parallel faces were unaffected by the etching. In 
this way, an x-platelet of thickness z =  0.28 mm was 
obtained that allows for the measurement of A/in an  ^
gu with the HAUP technique. The measurements were 
performed at constant temperature T =  303.75 K as a 
function of the wavelength of the light. The value of 
gQz becomes equal to an integer multiple of n  several 
times in this wavelength interval for this sample, due 
to the wavelength dispersion. This is interesting, since 
at all of these points sin(g02:) is zero and again the 
expansions made in deriving the HAUP intensity formula 
are no longer valid. The HAUP measurements of this 
sample will show how well one can indeed separate 
linear birefringence from circular birefringence. As there 
is circular birefringence, this sample is less suited for 
the study of the systematic errors, because the fitting 
procedures become more involved. Therefore only one 
extinction direction was measured. The results can be 
compared with earlier HAUP measurements of quartz 
(Kobayashi et al 1988b, Moxon et al 1991).
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4. Fitting procedures
formula
:s of the sample, 
:rpreted, making 
This is done in
two steps. The C-sources of the computer programs 
used can be obtained from M Kremers, e-mail address: 
mkremers@sci.kun.nl or hugom@sci.kun.nl.
4.1. The first step in the fitting procedure
First, the total set of intensities (225 in our case) 
belonging to one particular extinction direction and fixed 
wavelength is fitted with a linear least squares method
(Deming and Morgan 1979) to a polynomial equation of
k
the form (Moxon and Renshaw 1990)
r / r 0 =  (J,° Y 1 Yn- ')  C(„x„)
©o
0 ‘
• (12)
i f *
0 71-1
In the fit, one can choose the value of n and one can 
constrain matrix elements Cy to zero. The obtained 
fitting parameters Cij can then directly be assigned to 
the expressions as they occur in the corresponding HAUP 
intensity formula that one has chosen to use (in our 
case* equation (7)). This is subsequently repeated for 
all wavelengths and all extinction directions.
A nice way of inspecting the results has been 
suggested by Moxon and Renshaw (1990). It consists of 
drawing intensity contour diagrams in the ®~Y plane, 
using the measured intensities or the obtained fitting 
parameters. From the contour diagrams one gets a 
rough idea of the magnitude of some of the relevant 
parameters (see, for a more detailed explanation, Moxon
and Renshaw (1990)).
In this section, we show the fitting parameter C21 
obtained from fits, using equation ( 12), for one of the 
extinction directions of the ((CK^N^ZnCU sample, 
because it is from this element that the value of the 
circular birefringence is extracted in the second step of 
the fitting procedure. The extraction of the other sample 
properties is relatively easy (see sections 4.2.1 and 4.2.2).
In order to be able to compare the results with the 
HAUP intensity formula, equation (7), a fit has been 
performed using expression (12) with n =  3 and six 
fitting parameters (C\u C\2, C13, C%u c n  and C31). 
The parameter Cn  is included in order to be able to 
take account of an additional error in ©0 as described 
in section 4.1.1. The result for C21 as a function of 
wavelength is given in figure 1 .
Although it is possible to use these data in the 
second step of the fitting procedure, it is possible and 
sensible to perform first several corrections that are 
expected to increase the reliability of the obtained fitting 
parameters. In the following subsections, each time an 
extra correction is added and the obtained C21 is shown.
- 1.0
-z.o
- 3,0
300 400 500 600 700
Wavelength (n m )
Figure 1. The fitting parameter C21 (see equation (12)) 
for the ((CH3 )4N)2ZnCi4 sample as a function of the 
wavelength. No corrections have been made during the 
fitting.
4.1,1, The A© correction. Before the measurement 
of the 225 intensities, the extinction direction, 0o, is 
determined. It is also possible, however, to derive the 
value of ©o from the obtained fitting parameters Cy that 
follow from the total set of intensities measured (Moxon 
and Renshaw 1990). Since more intensities are used 
then, this value is more accurate. In general, it differs by 
some amount A© from the value obtained by searching 
the extinction direction.
One can determine A© in the following way from 
the C y . The HAUP intensity formula (equation (7)) can 
be written as
r(y , ©)
r 0
= c n° +  C?30©2 +  C®°y +  C®° Y e  +  C®°Y2.
(13)
Now, suppose that the polarizer angles 0  have been read 
with respect to ©o +  A© instead of with respect to ©0. 
In fact, they are then 0  -  A©, which we denote ©'. It 
follows that © =  ©' +  A©. If we substitute ©' 4- A©  
for 0  in equation (13), then the HAUP intensity formula 
is obtained in terms of 0 ' and Y :
r  (7 , © 0
r 0
C®o+A0 +  c f3o+A0© '2 +  c 00+A©21 Y
+  C |o+A®F0' +  C®o+A0 Y2 + C®0+A®@'
C®° +  C®°(A© )2 +  C®0© '2 +  (C®!° +  C®° A0 )y  
+  C % Y&  + C30,°y2 +  2C®°A0©'. (14)
The fitting parameters, in this case denoted C\j, obtained 
from a fit as presented above (equation (1 2 )), must now 
be compared with the C®0+A®, instead of with the C®°. 
These fitting parameters Cy can be used to calculate the 
value of A 0  and the values of the fitting parameters Ci;- 
that would have been obtained had © 0 been the origin 
of the polarizer angle reading:
Cli c: a \ 211
C2, =  C' 
C,3 =  C\
Cti = c'
c 31 =  a
21
13
22
c ;3(A0 )
c ' 2a ©
(15)
A©
31
C12 c *12
2  C 13 2  c ;13
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Figure 2. The fitting parameter C21 for the ((CH3)4N)2ZnCl4 
sample as a function of the wavelength. With respect to 
figure 1, the A0 correction has now been performed.
The A 0  correction obtained in this way for the 
((CH3)4N)2ZnCl4 sample was on the average for 25 
steps about 8,7 x 1G~4 rad* This is quite large, but 
in these measurements the extinction direction has been 
determined only roughly, using relatively large rotation 
angles for the polarizers. When more attention is paid to 
the determination of the extinction direction, it is easily 
possible to obtain corrections A0  of the order of about 
3.49 x 10“ 5 rad, i.e. one step, except when the value of 
g0z becomes close to an integer multiple of jr. Then the 
corrections become much larger.
As can be seen from equation (15), the value of C21 
is also affected by the A 0  correction. In figure 2, the 
thus obtained corrected values of C2\ are shown for the 
same measurement as in figure 1. A clear change in the 
results can be observed.
In figures 3 and 4, the ©0 values for this 
measurement are given before and after the A© 
correction. There is a clear cotangent behaviour in both 
cases, but there appears to be some extra structure at 
about A, =  475 nm in the uncorrected data. After the 
correction, this structure disappears. The expression for 
©0 is given by equation (6 ). The systematic errors (/?, a 
and 6 F) are expected to be constants for a particular 
extinction direction. Since the paraelectric phase of 
((CH3)4N )2ZnCl4 is orthorhombic, indicatrix rotation is 
forbidden by symmetry (Nye 1985). Furthermore, as we 
present later (figure 9), g0 decreases monotonically with 
wavelength. Therefore, one expects 0 O to behave nicely 
as a cotangent function. Hence, the corrected results 
for @0 have definitely improved. Remarkably, a clear 
difference between figures 1 and 2  is the disappearance 
of the structure at 475 nm after the A 0  correction.
4,1.2. The A Y  correction. Before searching an 
extinction direction for a certain sample, one must make 
sure that the polarizer and analyser are crossed. This 
can be done by rotating the analyser at a fixed polarizer 
position and searching the position of minimal intensity 
with no sample in between. In our apparatus, it appeared 
that the analyser was not always at a minimal intensity 
position if the polarizer and then the analyser were both 
rotated over the same angle. This is shown in figure 5, 
in which the full circles give the correction AF to
3.33
'S'
g 3.32
o
3.3 t
3.30
300 400 500 600 700
Wavelength (n m )
Figure 3. The extinction direction ©0( - | 7r) (see 
equation (6)) corresponding to figure 1 , as a function of the 
wavelength. No corrections have been made. The sample
is ((CH3)4N)2ZnCI4.
3.33
"a
£  3.32
Q
CD
3.31
3.30
300 400 500 600 700
Wavelength (n m )
Figure 4. The extinction direction as a function of
the wavelength. The A0 correction has been performed. 
The sample is ((CH3)4N)2ZnCl4,
the analyser position, at. each polarizer position, which 
is necessary in order to have the polarizers crossed. 
Also shown is a fit to this behaviour with a sixth-order 
polynomial. With this (arbitrary) polynomial we have 
tried to find a reasonable description of the behaviour 
with a limited number of parameters. For some reason, 
apparently, the positions as determined by the stepping 
motor controller can deviate by an amount of the order 
of 10~3 rad from their actual positions. This may be 
due to eccentricities of the rotation stages on which the 
polarizers are mounted (Dijkstra eta l  1991, Moxon and 
Renshaw 1990), or to other mechanical inaccuracies. As 
we show later, these A Y values are the main cause for 
the necessity of including the systematic error 8Y in the 
HAUP intensity formula.
The sixth-order polynomial fitted to the data in 
figure 5, was used to correct the values of Y in the 
linear least squares fit of the HAUP measurement with 
equation (12), in the following manner. For each of 
the 225 ( 0 ,7 )  pairs, the Y value was changed with 
the value of the polynomial at the value of 0 .  This, 
of course, changes all fitting parameters. The changed 
values of C2\ with respect to those of figure 2 are given 
in figure 6 .
4,1.3. Fitting to fourth order in 0  and 7 .  In our
measurements, the maximum rotation of the polarizer 
was 1.95 x 10~2 rad and the maximum rotation of the
%
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*io'4
10.0
£ 6.0
>< 2.0 
<3
- 2.0 
- 6.0 
-10.0
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0  ( ra d )
Figure 5. The correction A Y { • )  to the analyser position 
necessary to have the analyser exactly crossed with 
respect to the polarizer, as a function of polarizer position. 
No sample is present. The full line is the result of a 
sixth-order polynomial fit to these data. Also indicated
are the positions ©¿,2,3,4 of the four extinction directions 
measured for the ((CH3)4 N)2ZnC!4 sample. In addition, the 
values of - 8 Yunc0n (0 ) and -5  Vcorr (e) at each extinction 
direction are depicted. These parameters are explained in 
section 5.2.
*10 3
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0.0
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Figure 6. The fitting parameter C21 (see equation (12)) 
for the ((CH3)4N)2ZnCU sample as a function of the 
wavelength. With respect to figure 1, in this case the A© 
correction (see section 4.1.1) and AY  correction have 
been performed.
analyser was 9.77 x 10“ 3 rad. These angles may be 
too large for a correct description of the intensities 
with the HAUP intensity formula (7). However, one 
should still be able to obtain a value of C21 that can 
be compared with C^° of the HAUP intensity formula, 
when the measurements are fitted to expression (12) with 
more parameters, for example, up to fourth order in the 
angles © and Y (n =  5). This has been done and the 
result is given in figure 7. In order to compare the result 
with figure 6 , the A© and the A y corrections were also 
performed in this case. A change in the behaviour with 
respect to the values of figure 6  can be observed, but, 
most importantly, the noise has increased.
In figure 8 , the fitting parameter C41 (for the Y3 term) 
has been plotted as obtained from a similar fit (n =  5) 
for the ((CH3)4N)2ZnCl4 sample. No further corrections 
were performed, because the A© correction has only 
been worked out for second-order terms in the angles © 
and y. This fit has been done in order to check whether 
there still is some information in this term, despite the
♦/o“J
Wavelength (n m )
Figure 7. The fitting parameter (see equation (12)) 
for the ((CH3)4N)2ZnCI4 sample as a function of the 
wavelength. The A© correction and the AY  correction 
have been performed- Furthermore, the data have been 
fitted up to fourth order in © and Y, using n =  5 in 
equation (12).
6.0
4.0
2 .0  
¿ 0 .0
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-6.0
300 400 500 600 700
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Figure 8, The fitting parameter C41 for the Y3 term as a 
result of a fit up to fourth order in © and Y, using n =  5 
in equation (12), for the ((CH3)4 N)2ZnCI4 sample. No 
corrections have been performed.
small rotation angles used.
Although we have no explicit expression for C^°, 
something can still be learned by comparing the obtained 
results with Cl\. This Cfx behaves like — | 8Y +
sin(2gQz)[%(co/g0) + ^ p]. The data in figure 8 , however, 
just scatter around zero and, therefore, contain only noise 
and no information. This means that the rotation angles 
used for the polarizers are so small that one can only find 
reliable information in the fitting parameters belonging 
to terms of second order in the angles © and Y . In 
the case of a similar fit for the quartz sample, we found 
values for the fitting parameter C41 of the same order of 
magnitude, also scattering around zero.
If we assume that the systematic errors p , a and 8Y 
are of the order of 10~3 rad and the values of 0  and 
y  are maximally 10~2 rad, then we find, making use of 
the HAUP intensity formula, that the zeroth-order terms 
in 0  and Y contribute maximally 10“"6, the first-order 
terms 10~5, the second-order terms 10~4, the third-order 
terms 10~9 and the fourth-order terms 10“ 8 to V /  r 0. 
This suggests that, on neglecting the third-order and 
fourth-order terms in © and Y , erroneous contributions 
of maximally 1 0 '8 can be put into the fitting parameters. 
Therefore, one can roughly expect errors in C%\ (first 
order in Y) of 0.1%. We conclude that using expression
* *  *  • .* « ms •
J i — J  m
« *  •
« •
1203
M Kremers and H Meekes
( 12) with n =  3 is adequate for the rotation angles used. 10
-4
4.2. The second step in the fitting procedure
The second step in the interpretation consists of 
separating the sample properties (g0, pQ and co) from 
the systematic errors (p, a and 5F), for each extinction 
direction. This is done by studying the variation of the 
fitting parameters Cy with wavelength and assuming that 
the systematic errors are independent of the wavelength. 
The sample properties, in contrast, are expected to show 
a wavelength'dependence. In all cases presented in this 
section, the values of the fitting parameters Cy have been 
obtained from the first step of the fitting procedure, using 
both the A© and the AY corrections. Although not 
necessary, fitting up to fourth order, using equation (12) 
with n =  5 , has also been used, except in some cases, 
which are mentioned explicitly.
4.2.1. linear birefringence. Comparing the 
fitting parameters Cy of equation (12) with the C®° of 
eauation (81 one can determine the value
4sin2(g0z) |[Ci3 +  0 :2 2(C3i -  1.0)].
This, in fact, is an average over two values of 4sin2(g0£), 
correctly taking into account the possible presence of 
slight linear dichroism. By taking this average, it is 
hoped that the result will become more accurate.
In addition, the value of the total retardation, A =  
2 z(go +  6>2)i/2, is usually determined separately, for one 
wavelength of the light. This can be done, for example, 
with a compensator method and a polarizing microscope. 
Since the circular birefringence is usually much smaller 
than the linear birefringence, this value will not differ 
substantially from the value of 2g0z* Therefore, with 
the help of this value A, the wavelength-dependence of 
2gQz can be resolved from the 4 sin2(g0z) values, if there 
is a continuous change with wavelength and the sign of 
the slope of the change is known. In order to elucidate 
the behaviour of g0 with wavelength it can sometimes be 
very useful to perform a second HAUP measurement on a 
similar sample; one that has another thickness, however.
The linear birefringence An can be calculated from 
2g0z , the sample thickness z and the wavelength of the 
light X:
An
X
2  7tz 2goZ. (16)
In figure 9 the linear birefringence An n is plotted for 
((CH3)4N )2ZnCl4 and in figure 10 for quartz. The 
discontinuities in both figures 9 and 10 correspond to 
wavelengths at which 2g0z is an integer multiple of 
27r. The positions of these discontinuities depend on 
the thickness of the sample. This is a demonstration of
formula,
not valid for these cases.
Wavelength ( n m )
Figure 9. The linear birefringence A o f  ((CH3 )4N)2ZnCI4 
as a function of the wavelength. The discontinuity at 
x  =  400 nm is a result of the fact that the haup intensity 
formula expansion is not valid for An =  0.
300 400 500 600 700
Wavelength ( n m )
Figure 10. The linear birefringence Ant1 of quartz as a 
function of the wavelength. The discontinuities occur at 
wavelengths at which the value of 2goz equals an integer 
multiple of 2.7t. In such bases, the h a u p  intensity formula 
expansion is not valid.
4.2,2. The linear dichroism. In order to check whether 
some anisotropic surface scattering were present, the 
linear dichroism Ak has been taken into account. It can 
be extracted from the fitting parameters in the following 
way.
First one calculates
2poz = l [C3 l - \ . 0  +  \ (C22- C l3)]
and from this the linear dichroism Ak =  (X /n )p Q can 
be found. Figure 11 shows the results A k\\ for the 
((CH3)4N)2ZnCl4 sample (the notation is the same as 
was used for the linear birefringence). No clear linear 
dichroism can be observed. In the case of the quartz 
sample, the absolute value of the linear dichroism | Atcu 
was smaller than 6 x  10“ 6 for all wavelengths. Therefore, 
it was also negligible.
4.2.3. The circular birefringence and the systematic 
errors. Unfortunately it is not possible to calculate 
simply at each wavelength the value of co representing 
the circular birefringence, since the matrix elements 
C®° and C®° (equation (7)) containing o) also contain 
the systematic errors /?, a and SY. This means that 
the values of these systematic errors have to be found
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Wavelength (n m )
Figure 11. The linear dichroism A o f  ((CHa^N^ZnCL* 
as a function of the wavelength.
* 1 0 ~ 3
co t(  A/ 2 )
Figure 12. A plot of ¿W sin A versus cot(A/2) for the 
((CH3)4 N)2ZnCl4 sample. The straight line is a least 
squares fit.
first. This can be done by considering the wavelength- 
dependence of the fitting parameters. Here, we outline 
the methods used by most authors and we also propose 
a new method.
4.2.3.I. C2i / s in A  versus cot (A /2 ). If there is no 
circular birefringence, 2g0z equals A. Then, both 
the values of 57 and y  =s p  — a can be found by 
plotting C2i /s in A  against cot(A /2) (Kobayashi et al 
1988b). The slope of the obtained straight line is 57 
and the intercept of the coordinate axis is —y. Namely, 
without circular birefringence and neglecting the linear
dichroism:
e f t /  sin A =  —y + SY cot(A /2).
The result of this procedure for the fourth extinction 
direction of the ((CH3)4N)2ZnCl4 sample has been 
plotted in figure 12. The values C2J of figure 7 have been 
used. The straight line is the result of a least squares fit. 
In this way, we obtain the values 57 =  —2.02x 10~4 and 
y =  — 3.89 x  10“4. Using for this procedure the values 
of C21 from figure 1, obtained without any corrections 
in the first step of the fitting procedure, yields a figure 
in which no straight line can be recognized. This again 
shows the usefulness of performing the A 0  correction.
cot(g0z)
Figure 13. A plot of 0 O versus cot(gbz) for the 
((CH3)4 N)2 ZnCI4 sample. From ©0, far has been 
subtracted. The straight line is a least squares fit to the 
data.
4.2.3.2. Evaluation of C21 in the case that sin(2goZ) =
0. In the case that the circular birefringence is non­
zero, the procedure just described cannot be applied. 
The value of 57 can, nevertheless, still be obtained if 
there are some wavelengths (one is enough in principle) 
for which sin(2g0s) =  0. For such wavelengths Cfx° 
equals 257. The linear birefringence Ann for the 
((CH3)4N)2ZnCl4 sample becomes zero at approximately 
X =  400 nm, as can be observed in figure 9. The value of 
C21 in figure 7 at that wavelength is —4,15 x  10~4. From 
this we calculate 57 =  —2.08 x 10~4, which indeed is 
very close to the value —2 .0 2  x 10~4 obtained from the 
C2i/sin  A against cot(A/2) plot.
4.2.3.3. ©o versus cotfeoz). If there is no rotation 
of the optical indicatrix (5 ©indicatnx =  0), the value of 
p + a can be found by plotting 0 o against cot(g0z) 
(Kobayashi etal 1988b) as has been done in figure 13 for 
((CH3)4N)2ZnCl4. The slope of the obtained straight line 
is \ (p + a ) ,  because then 0 O =  - (p+ a)co t(gQz ) ~  “57. 
In this case, the intercept with the coordinate axis gives 
no information, since the values of ©o are measured with 
respect to an arbitrary origin (0 o itself is used as origin 
for the measurement of © values). The value for p + a  
that is obtained from a least squares fit to the data in 
figure 13 is p+a  =  —1.43 x 10~3. This procedure can of 
course also be performed if there is circular birefringence 
present, because the expression for ©o is independent of 
co.
From the values of p+a  and y  =  p —a obtained from 
the C2t/  sin A versus cot(A/2) fit, one can calculate the 
ellipticities p and a.
In the case that there is no region in which the 
circular birefringence is zero, we cannot obtain y  =  
p — a. However, if one assumes p  to be an apparatus 
constant, denoted p, then it could be measured using an 
optically inactive (co =  0 ) reference crystal, as has been 
done by Kobayashi et al (1988b). Then, from p  and 
p + a, one can get a and thus y  =  p — a. It is stated 
by Kobayashi et al (1988b) that a is not an apparatus 
constant, because it depends on the exact way in which 
the light beam traverses the analyser. We show later that 
also p  cannot be considered to be an apparatus constant 
and that, therefore, the use of a reference crystal method 
is dangerous.
1205
M Kramers and H Meekes
* 1 0 ~ 3
Wavelength (nm)
Figure 14. The total fit to the Cj, (a> =  0) values of figure 6 
for the ((CH3)4N)2ZnCl4 sample: ( • ) ,  the data of figure 6; 
and (o), the fitted values. A line has been drawn through 
the latter to guide the eye.
4.2,3.4. A new method: a total fit to Cn. Here, we 
propose a new method for obtaining y, SY and p + a. 
Consider the expression for C®° when there is no circular 
birefringence:
C®°(ft> =  0) =  2 SY cos \ g 0z) ~ ( p - a )  sin(2 g0z)
+ (p + a)2p0z cot(g0z).
Since at this stage of the interpretation both g0 and p0 are 
known, we can perform a linear least squares fit (Deming 
and Morgan 1979) to the data. The fitting parameters are 
2SY, —(p - a ) and p+a.  The value of p + a  is of course 
only reliable if the linear dichroism is non-zero.
In figure 14 we show the result of such a fit to the 
C21 data of figure 6 . As explained in section 4.1.3, a 
fit with n =  3 using expression (12) in the first step of 
the fitting procedures is adequate for the measurement 
procedure followed. Therefore we took the data of 
figure 6 (fitted up to second order in © and Y) rather 
than those of figure 7 (fitted up to fourth order in © and 
7 ), because the noise is less in figure 6  and we want 
to demonstrate the optimal performance of our HAUP. 
As one can see in figure 14, an almost perfect fit is 
possible. The largest deviation between the fit and the 
data is about 6  x 10-5. We obtain SY =  —2.31 x 10-4, 
y = p  — a — —5.09 x 10-4  and p + a =  —1.07 x 10-3.
From a similar fit to the data of figure 7 (obtained 
by fitting up to fourth order in © and Y in the first 
step of the fitting procedure), we obtain the values 
SY = -1 .77  x  10-4, y — P — a =  —4.08 x 10-4  and 
p +  a =  —7.13 x 10~4. In the case of SY and y  these 
results agree reasonably with those obtained from the 
C2i/s in  A versus cot(A/2) plot(<5Y =  —2 .0 2 x l0 -4  and 
y ~  —3.89 x 10~4). The value of p + a  is indeed clearly 
wrong, as expected, since there is no linear dichroism.
If there is circular birefringence, like in quartz, then 
a fit as proposed here will give the wrong values for 
the parameters SY, p - a  and p + a , because the 
influence of a>/g0 is not included. However, when the 
fit is performed anyway, one will observe considerable 
differences between the fit and the data. This is, 
therefore, an elegant method by which to inspect whether 
there is circular birefringence or not, in samples for
•to '3
Wavelength (nm)
Figure 15. The total fit to the Cz\ data of the quartz 
sample: (•), the On data from the measurement; and (o), 
the result of the total fit to these data. A line to guide the 
eye has been drawn connecting the fitted data, (a ), the 
values of the term 2S Y cos2 (gbz) obtained from the total 
fit.
which it is unclear. Quartz is optically active and this can 
immediately be seen in figure 15, in which the obtained 
data for Cn and the fit to these data are shown. The fit 
matches the data at about X =  475 nm, but at smaller and 
larger wavelengths a clear deviation occurs. Differences 
as large as 1.6 x  10-3  can be observed. Also shown is 
the term 2SY cos2(g0z) as it is found from the fit. The 
maxima of this term correspond to wavelengths at which 
g0z is an integer multiple of n .  As explained before, 
in the case that there is circular birefringence, one can 
still find the value of SY  by evaluating the C21 curve 
at precisely those points. Remarkably, in figure 15, the 
C21 curve intersects the 28 Y cos2(g0z) curve exactly at 
its maxima and minima, meaning that the obtained value 
SY =  1.73 x 10~4 from the total fit to C21 is correct. 
Nevertheless, the value for '/ is wrong, because if SY 
were correct, then the y  obtained from the fit would in 
fact be the average of p —a+co/g0 over all wavelengths.
4.2.3.5. A total fit to Cn. In the same way as 
has just been described for C2 1 , a total fit to Cn can 
also be performed in the case that there is no circular 
birefringence. The fitting parameters should give the 
values of (<5F)2, (p — a)2, —SY(p — a), —(p — a )(p + a )  
and 8Y(p + a) (see equation (7)). We have performed 
such fits, but a good fit to the data was not possible. This 
is probably due to the fact that one should include in C®° 
an extra term A0. According to Kobayashi and Uesu 
(1983), A n represents the overall effect of incoherent 
scattering and of multiple reflections of the light beam 
at the sample surfaces. It is very likely that this term Ao 
is not constant, but rather varies in an unpredictable way 
with wavelength. Then, a total fit to C\\ is not useful. 
The problem of multiple reflections has been addressed 
by Moxon and Renshaw (1990); we neglect it here.
4.2.3.6. The calculation of the circular birefringence.
After the determination of all systematic errors, in one 
of the ways described above, one can calculate
(ti/2g0 5= k
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Figure 16. The ellipticity k =  (co/2go) as a function of the 
wavelength for the ((CH3)4N)2ZnCl4 sample.
n
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Figure 17. The circular birefringence (Gu/n ) =  (nr -  nOn 
of ((CH3 )4 N)2ZnCI4 as a function of the wavelength.
from the Cn values, k is a measure of the ellipticity of 
an eigenpolarization of the light in the sample. Figure 16 
depicts the values thus obtained from figure 6 . At 
wavelengths larger than X =  525 nm the results for \k\ 
are smaller than 2 x 10~5. At X — 400 nm a divergence 
can be observed. This is expected, since g0 goes through 
zero at that wavelength.
Subsequently the circular birefringence is calculated . 
as follows:
nr — n\ — Ana)/g0 =  2A nk. (17)
In this way, one achieves the results given in figure 17. 
As one can see, the absolute value of the circular 
birefringence is smaller than 6  x 10~9 for almost all 
points.
The circular birefringence of the quartz sample was 
calculated using the 8Y value 1.73 x  10~4 as obtained 
from the total fit to the C%\ data, as described above. 
There was no need to know the value of p + a , as there 
turned out to be no linear dichroism. In comparison 
with the results of Moxon et al (1991) for the values 
of k, a best match was obtained by taking y  very small 
(y =  0). The resulting circular birefringence is plotted 
in figure 18. It also agrees very well with the value 
found by Kobayashi et al (1988b) for X =  632.8 nm. 
Note that, strictly speaking, the value of y  has not 
been determined in our HAUP measurement. It has 
been obtained by comparing the data with measurements
* 1 0 " 4
Wavelength ( n m )
Figure 18. The circular birefringence (Gu/n) ~  (n( - rh )u  
of quartz as a function of the wavelength. The points 
corresponding to the discontinuities in figure 10 have been 
omitted, since the haup intensity formula is not valid there,
of others (Kobayashi et al 1988b, Moxon et al 1991). 
Unfortunately, later on, we will question their methods 
of determining y , However, as already stated by Moxon 
et al (1991), one at least knows that for quartz the value 
of y  is small compared with the value of k, so that only 
small errors can be made by taking a value y  =  0 .
The wavelengths at which 2gQz equals an integer 
multiple of 2tt can clearly be observed as discontinuities 
in figure 18. The most singular points have been 
omitted from figure 18. This measurement shows that 
the HAUP method is indeed capable of separating linear 
from circular birefringence, but that very good care must 
be taken for the cases in which sin(g0z) becomes small. 
Moreover, the determination of y  is problematic in the 
case that there is circular birefringence. This problem is 
addressed in the next section.
5. The behaviour of the systematic errors
All four extinction directions have been measured 
for the ((CHk^N^ZnCU sample. Because the 
paraelectric phase is centrosymmetric, it has no circular 
birefringence. Therefore, it is ideally suited for 
examining the behaviour of the systematic errors. There 
are, in fact, no problems of the kind discussed in 
section 4  involved in determining their values.
In table 2, the results for the systematic errors are 
given for all four extinction directions. In the first 
step of the fitting procedure all corrections as described 
in sections 4.1.1-3 have been performed. From the 
comparison of the first row with the second and the third 
row with the fourth, we may conclude that the total fit 
to C%\ has been given approximately the same results as 
the C2i/s in A  versus cot(A /2 ) fit and therefore works 
very well, as expected.
5.1. The ellipticities p  and a
In table 3 the ellipticities p  and a are given as they were 
calculated from y  (the third row of table 2 ) and p + a 
(the fifth row of table 2 ).
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Table 2. The values of the systematic errors 57, y =  p — a and p +  a as obtained from the different ways of fitting, 
described in the text, for all extinction directions of the ((CHa^N^ZnCU sample.
Systematic error 
and fitting method
First extinction 
direction
SY from
C2 i/s in (A ) versus cot(A/2) 
SY from 
total fit to C21 
y from
CW sin(A) versus cos(A/2) 
y from
total fit to Cz\ 
p +  a from 
0 O versus cot(cfcz)
8.70 x 10 
1.03x10
-5
-4
—4.77 x 10”4 
-4.36 x 10~4 
1.03 x 10~3
Second extinction 
direction
—2,23 x 10 
-1.96 x 10
-4
-4
4.18 x 10
—4.30 x 10
-4
-4
-1 .53 x 10”3
Third extinction 
direction
6.88 x 10
3.32 x 10
-5
-5
—4.16 x 10~4
4.23 x 10-4
1.08 x 10 - 3
Fourth extinction 
direction
2.02 x 10-4
-1 .7 7  x 10~4
3.89 x 10-4
—4.08 x 10-4 
-1 .43  x 10~3
Table 3. The ellipticities p and a as calculated from the 
third and fifth rows of table 2.
Extinction
direction p a
1 2.74 x 10-4 7.51 x 10-4
2 -9 .72 x 10-4 -5 .54  x 10"4
3 3.33 x 1Cr4 7.49 x 10-4
4 -9.11 x 1Cr4 -5 .23  x H T4
From table 3 we must conclude that neither p 
nor a can be considered to be an apparatus constant. 
Remarkably, however, the values for the first and third 
extinction direction almost coincide and the same holds 
for the values of the second and fourth extinction 
direction. We always observe this behaviour in our 
measurements. It shows that the ellipticity of the 
light emerging from a polarizer depends strongly on 
the orientation of the polarizer. The ellipticity even 
changes sign upon a rotation of tc/2  in this measurement. 
Rotating the polarizers over n,  however, results in an 
equal ellipticity.
At present, we are not able to explain this behaviour, 
Ortega et al (1992) remarked that there is an effect of 
spurious birefringence of the cryostat windows, giving 
parasitic ellipticities. In their case, this results, however, 
from windows between the polarizers and the sample. 
It can therefore not explain the behaviour that we have 
found, because in our set-up the total polarizer-sample- 
analyser system is in the vacuum cryostat between the 
windows.
It is important to realize that our experiments have, 
nevertheless, shown that the ellipticities can be taken 
constant for a certain extinction direction, if the value of 
©0 does not vary too much. Problems can be expected 
if there is a large indicatrix rotation. If the polarizers 
have to be rotated over an appreciable angle for a new 
HAUP measurement, then both ellipticities p  and a will 
change.
This means that the method of assuming p  to be an 
apparatus constant p and determining it with a reference 
crystal, as done by Kobayashi et al (1988b), is only 
possible if the reference crystal and the sample have
exactly the same positions of their extinction directions.
Furthermore, an alternative method, that has been 
proposed by Moxon and Renshaw (1990) and has been 
used by Dijkstra et al (1992a) will be wrong in general, 
too. In this method, y  is determined by comparing 
the C21 values of two succeeding extinction directions. 
They have assumed that, upon changing the extinction 
direction, p  and a remain the same and that co/g0 
changes sign. The latter is true, but the values of p 
and a change (unpredictably) when the polarizers are 
rotated over -n .  In the case of the measurements on the 
((CH3)4N)2ZnCl4 sample we have tried this method, but 
the values of y thus obtained were always clearly wrong. 
However, in the set-up used by Moxon and Renshaw 
(1990) the polarizers remain at their position and the 
sample is rotated over when the extinction direction 
is changed. In that way, their method may indeed work, 
although one still expects the value of a to change upon 
rotating the crystal, because the exact way in which the 
beam traverses the analyser changes, as the findings of 
Kobayashi et al (1988b) have shown.
5.2. The behaviour of SY
In this section the behaviour of the systematic error SY 
and its cause are investigated. In table 4, the SY values 
obtained from a C2\ /  sin A against cot(A /2) fit are given 
for all extinction directions of the ((CH3)4N)2ZnCl4 
sample. For the first column, S 7uncorr, the data of figure 2 
were used and for the second column, SYCorr, the data 
of figure 6 . The difference between them is thus the 
correction of the analyser position using a sixth-order 
polynomial, as described in section 4,1.2. Also given in 
table 4 are the values A Y^t of the sixth-order polynomial 
at the four extinction directions, see figure 5 .
The values of — SYnncon and — SYcm are also depicted 
in figure 5 at the four © 0 values of the extinction 
directions. Clearly, all four values “ 5yuncorr are very 
close to the measured A Y  curve. Furthermore, the <5Fcorr 
values are almost precisely equal to SYmcon — (—Aim). 
This means that the deviation A Y of the analyser from 
its supposed position Y  is indeed the main source for 
the appearance of the systematic error SY in HAUP
as suggested by Kobayashi et al (1988b).
sam ple
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Table 4. The behaviour of the systematic error s Y after fitting with or without corrections, as 
described in the text.
Extinction
direction SYunax, SYm , AVflt SVunco,r -  (-AYfe) SY.corrí 11)
1 —1.85 x 10-4 —6.96 x 10~5 1.1 x 10~4 -7 .5  x 10~5 3.92 x10~7
2 -6 .2 7  x 10“4 -2 .4 5  x 10“4 3.8 x 10“4 -2 .47  x 1(T4 2.47 x 10~6
3 5.07 x 10"4 7.09 x 10~5 -4 .2  x 10~4 8.7 x 10~5 6.83 x 10~7
4 2.41 x 10~4 —2.45 x 10"4 -4 .3  x 10~4 -1 .89  x 10"4 5.80 x 10"7
A very precise knowledge of the analyser position 
is, therefore, essential for the reduction of 8Y errors 
in HAUP measurements. Such knowledge might be 
provided by the use of angle encoders, as has been done 
by Moxon et al (1991) and Ortega et al (1992),
Here, we propose another way in which one can 
reduce the 8Y error, without the use of encoders. 
Consider the variation in the values of A Y  for all 
analyser positions belonging to the measurement of a 
single extinction direction. Since the total rotation of the 
analyser is only 9.77 x 10~ 3 rad in such a measurement, 
the variation in the A Y  values will be extremely small 
and we think that it is justified to correct all analyser 
positions with the same value A Y in the first step of 
the fitting procedure. Doing so, using A Y  = —8YnncorT 
from table 4, the values áFC0IX(n) given in table 4 were 
obtained from a C2\ /  sin A against cot(A /2) fit in the 
second step of the fitting procedure. The values SFcorrai) 
are so small that their influence is negligible. In this way, 
without the use of encoders, we have obtained a method 
of (almost) completely eliminating the systematic error 
57. Using encoders (Moxon et al 1991) the magnitude 
of the remaining contribution is comparable.
We have also tested the contribution to 8Y of a 
misorientation of the sample (Kobayashi et al 1988b, 
Moxon and Renshaw 1990) by deliberately placing the 
front sample surface clearly non-perpendicular to the 
light beam. This does indeed increase the 8Y error. 
However, we think that, in practice, the sample can 
be positioned so well that the contribution to 8Y from 
its misorientation is much smaller than the A Y  part 
described above.
A third contribution to 8Y can be caused by drift 
in the motor drivers or rotation stages as observed by 
Ortega et al (1992). These authors found a drift of the 
order of 2  x  10 ~ 4 rad from the initial crossed-polarizer 
position after the time of a typical experiment. In our 
apparatus, comparable drifts of about 1 x  10~4 rad can 
sometimes be observed* Still other causes for 8Y have 
been discussed by Moxon and Renshaw (1990) and 
Moxon et al (1991).
5.3. The HAUP intensity formula for different 
extinction directions
The study of the behaviour of the systematic errors has 
shown that, for all extinction directions, the same HAUP 
intensity formula can be used if the following relations 
are taken into account:
Pi =  P3 #  P2 =  Pa
Cl\ —  #3 ^  “  #4
8Yi ¿  SY2 ^  8Ys ¿  8Ya
CO\ =  Ci)2 = : O)3 =  CO4 
~~g0l =  + # 0 2  =  $03 =  + # 0 4
—Wi/gOl ^  + ^ 2/^02 =  —6>3/g03 =  +CO^ /g04- (18)
The relations (9) are thus inadequate and should be 
replaced by the relations (18).
As a result of a HAUP measurement, the magnitude 
and sign of co/g0 are found. Unfortunately, the sign 
of go is not obtained, because it must be calculated 
from 4sin2(g0z). Usually, however, it is possible to 
determine the orientation of the fast and slow axes in a 
separate experiment (for example, by using a polarizing 
microscope). If, in the HAUP measurement, the fast 
axis were along the polarization of the light emerging 
from the polarizer for a certain extinction direction, then 
g0 should be taken positive. In the case that it is the 
slow axis, g0 is negative. With that knowledge, then, 
the sign of co is found. A negative co corresponds to a 
dextrorotatory crystal.
6. The quality and sensitivity of HAUP 
measurements
At this point we would like to point out that there 
are several possibilities for determining the quality of 
a HAUP measurement during the fitting procedures. For 
example, if, in the first step of the fitting procedures, the 
correction A0  as described in section 4.1.1 is small, then 
the HAUP measurement has indeed been performed in the 
close proximity of an extinction direction, as is desired. 
Then one can expect that the goodness-of-fit value that 
can be calculated for the linear least squares fit to the 
intensities (Ortega et al 1992) is optimal. Furthermore, 
during the second step of the fitting procedures, the 
systematic errors obtained from a total fit to C21 and 
those obtained from the C2* /  sin A against cot(A /2) and 
0 O against cot(g0z) plots will be comparable for a good
measurement.
A possible test for the quality of the sample 
preparation is the following. In the case that the sample 
is non-absorbing for the wavelength of the light used, 
the linear dichroism is expected to be negligible. If, 
nevertheless, a large linear dichroism is found, one 
should look carefully at the quality of the sample. 
It is advisable always to examine the sample under
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the polarizing microscope before performing a HAUP 
measurement. A clear extinction between crossed 
polarizers must be observed. Also, it must be possible, 
of course, to compensate the total retardation A caused 
by the sample with a compensator. Furthermore, if  
the birefringence is not too small, then the polarizing 
microscope can be used to check the plane-parallelism
of the sample.
A final test for the quality of a HAUP measurement 
is that the results for the sample properties should 
agree well between the measurement of different 
extinction directions. Regarding ail these checks, the 
measurements described in this paper turned out to be 
very good.
Of course, after having established the possibility 
of performing high-quality measurements, one would 
like to know how sensitive these measurements are for 
the various optical properties. In order to get an idea, 
it is instructive to consider the resolution with which 
polarizer positions can be set.
For example, during the determination of ©o, which 
is used to find a rotation of the optical indicatrix, 
intensities are measured for a set of polarizer positions 
keeping the analyser crossed. The minimum rotation 
angle for the polarizers is 3.49 x 10“ 5 rad in our 
instrument. The position of minimal intensity is then 
determined by fitting a parabola through the measured 
points. Ideally, one should be able to find this angle 
with a higher precision than the minimal rotation angle. 
In practice, the spread in the found minimum is in the 
order of 1 x  10-5  rad. This means that the sensitivity 
for detecting rotations of the optical indicatrix is of the 
order of 1 x 10" 5 rad. If a A© correction is performed, 
as described in section 4.1.1, then the sensitivity may be 
increased.
The circular birefringence is, in a way, found 
by determining the position of the absolute intensity 
minimum in the close proximity of an extinction 
direction, with respect to the position 0  =  Y =  0. 
This interpretation has been explained by Moxon and 
Renshaw (1990). Therefore, also for the parameter 
co/g0 =  2k one can expect a sensitivity roughly of the 
order of 1 x 10~5. Indeed, in figure 16 a value for 
\k\ < 2 x  10“ 5 is observed, for values of gQ that are not 
too small. This has resulted in values for the circular 
birefringence |wr — wi| < 6 x 10“9, but of course the 
sensitivity for the circular birefringence depends on the 
magnitude of the linear birefringence.
It is more difficult to get an idea of the sensitivity 
with which the linear birefringence can be determined. 
Nevertheless, the HAUP method provides a separation 
between linear and circular birefringence. In many other 
methods the linear birefringence is measured as if it 
were the only optical effect present. The HAUP method 
takes the presence of circular birefringence correctly into 
account. In practice, a rough estimate can be made 
for the sensitivity, if several extinction directions are 
measured. One compares the results for 4sin2(£0z) of 
one extinction direction with those of another, for all 
wavelengths. In case of the ((CH^N^ZnCU sample,
the differences between these values were on the average 
0.02. The corresponding differences in the linear 
birefringence An  were smaller than 1 x  10~6. The 
accuracy can probably be increased by averaging first the 
4sin2(g0z) values of all extinction directions and then 
calculating the linear birefringence from this average. 
In the case that only one extinction direction has been 
measured, one can compare the obtained values of CI3 
and C22 (see equation (7)).
7. Conclusions
In this paper, we have conscientiously re-examined 
the working principle of the HAUP technique. We 
have described some improvements to the experimental 
set-up and treatment of the samples that have been 
carried out. In addition, the HAUP intensity formula 
has been derived in a general and rigorous way and 
the approximations made in this derivation have been 
discussed. Furthermore, the behaviour of systematic 
errors and their causes have been studied and discussed. 
Using this knowledge, the fitting procedures used 
in the interpretation of HAUP measurements were 
carefully reviewed and mistakes in the interpretation 
and experimental set-up used for earlier measurements 
have been revealed. Moreover, estimates of the 
sensitivities with which the various optical properties can 
be determined have been made.
We think that this analysis has led to a better 
understanding of the way in which HAUP measurements 
must be performed. It should provide a means by 
which to investigate the controversies in experimental 
results. In the very near future we plan to publish 
measurements of optical activity in incommensurately 
modulated crystal phases that have a centrosymmetric 
average structure, using this improved technique.
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Appendix. The expansions of the terms PtAJ 
up to fourth order in ©, Y , p  and a
PXA\  =  (ia -  \ic?  -  \ ia p 2) +  A [ - l  +  \ { a 2 + p 2)]
+  &(pa) +  A ®(ip) +  A2(— \ ia )  + &2(—^ia)
+  A©2(±) +  A3(±) +  #(5) (A l)
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P2A* =  ( - pa + \ p a 3 + \ a p 3) + K ( - i p  + \ ip a 2+ \ i p 3) 
+ ®(ia -  \ ia p 2 -  \ i a 3) + A 0 [-1  +  \ ( a 2 + p2)] 
+ h 2{\pa)  +  ®2{\pa) + A 0 2(|ip )
+  0 A  2( ~ \ ia )  +  A 3( \ ip )  +  ®3( - \ i a )  +  A 0 3(A) 
+  0 A3( | )  +  i?(5) (A2)
rv a  * /1 1 s i 2 1 —2 i_ 1 „ 4  I 1 4 j 1 2 rt2 \
P|i42 — 0  %a 2 P 24fl ^ 2 4 ^  ^  4a P )
+ A (/a -  \ i a 3 — \ ia p 2) +  ©(—//> +  j/jPfl2 -f \ ip3)
+  A® (pa)  +  A2( - i  +  \ a 2 +  \ p 2)
+  0 2(—I +  jfl2 +  \ p 2) +  A© 2(—|i c )
+  0 A 2({ip)  +  A3(—|ia )  -I- 0 3( |i> )  +  A20 2( i)
+  A4( £ )  +  0 4(^ ) +  fl(5) (A3)
PzA; =  (ip -  \ i a 2p  -  l i p 3) +  A ( -p a )
k
+  ©[1 — ¿(a2 +  p 2)) +  A ®(ia) +  A 2( - \ i p )
+ ®2( - \ i p )  +  ©A2( - i )  +  0 3( - i )  +  #(5). (A4)
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